Abstract. We study the structural diffusion coefficient of protons in a chain-like system by the means of KMC simulations. To perform specific calculations, we adopted parameter values in our model that correspond to the benzimidazole crystal. As we have shown, the structural diffusion follows the Arrhenius-like thermal dependence with an effective activation energy of 2.01 eV.
Introduction
Diffusion can be described as a stochastic process where a single particle can move in each direction with the same probability [1] . In one dimensional, the mean square displacement of such particle is given by the formula ‫ݎۦ‬ ଶ ۧ = ‫.ݐܦ2‬ In this study, the diffusion of protons is under consideration. The symbol ‫ݎۦ‬ ଶ ۧ denotes the square of the distance separating the proton position at ‫ݐ‬ = 0 from its position at time ‫,ݐ‬ averaged over all the protons in the system, whereas D is the diffusion coefficient. The variable ‫ݎۦ‬ ଶ ۧ can be interpreted as the statistical variance of the particle positions where D measures the rate of variance change.
The diffusion coefficient at different temperatures is expected to have the Arrhenius form
where ܶ is the absolute temperature, ݇ is the Boltzmann constant, ‫ܦ‬ is the maximum diffusion coefficient and ‫ܧ‬ is the activation energy. This last quantity can be deduced from a linear fit of the lin-log plot. The structural proton diffusion is a specific phenomenon in many organic or inorganic compounds [2] . Namely, based on the Grotthuss mechanism, it requires two processes: proton hopping from one anionic group to the next, and also a reorientation of proton-carrying anionic groups (see Fig. 1 ). It is characterized by the separation of time scales between rotations and hops that results from the necessity to break and create hydrogen bonds (H-bonds). This type of dynamics is called a rare-event dynamics, which means that the time between consecutive events can be orders of magnitude longer than the actual process time itself. The simulation technique that handles such behavior is the kinetic Monte Carlo (KMC) that enables us to combine an accurate description of the elementary processes with an account for their statistical interplay in order to properly evaluate the proton dynamics [3, 4] .
As it has been shown [2] , the structural diffusion (Grotthuss mechanism) is more effective than proton transport via molecular diffusion when the molecule acts as a vehicle to transport the proton (so-called vehicle mechanism). For example, it is commonly accepted that the abnormally high proton mobility in water is a consequence of the Grotthuss mechanism.
The question arises whether for the structural diffusion the Arrhenius formula is still valid.
Model
As the model system, we propose a chain of parallel rigid rods whose ends can be occupied by protons, one proton per end. Rods with or without protons can independently rotate by 180°. Protons can also migrate by hopping from one rod to the nearest one provided the end of the adjacent rod is empty (Fig. 1) . Each KMC trajectory consists of a sequence of discrete transitions from one system state to another. The probabilities prescribed by the Master Equation allow us to determine the lifetime of a particular state and select the next state. The key point is to know a priori all transition rates from every configuration to any other allowed one. In order to perform specific calculations, we have adopted in our model parameter values that correspond to the benzimidazole (C H N ଶ ). According to impedance spectroscopy and ‫ܪ1‬ NMR experimental results [5] the proton conduction process of the benzimidazole follows the Grotthuss mechanism. It involves both molecular 180° flips prior to the proton exchange and migration along the hydrogen bonded chain via the ܰ-‫ܪ‬ ⋯ ܰ bridges. As the ‫-ܪ‬bond is almost linear (the angle ‫ܰܪܰ(‬ = 172°) [6] ). In the previous paper we have studied the proton conductivity in polymer electrolyte membranes based on benzimidazole molecules [7] .
Method
Focusing on this Markovian state-to-state dynamics by hops is the central idea behind the KMC simulations. Therefore, in the KMC method, one uses transition rates that depend on the energy barrier between the states [7, 8] .
Herein, the rotations are treated as a thermally activated process satisfying the Arrhenius law with the activation energy ܸ ௧ . Then the frequency of rotation is given by
During the proton transmission, it is possible that a proton is supplied to the ‫-ܪ‬bond, where another proton is present. Such a configuration is energetically unfavorable as well as the configuration with the empty ‫-ܪ‬bond because of interacting electron clouds. These effects can be included by introducing an additional Boltzmann factor with the energy penalty ܸ ௨ . So, finally the transition rate for rotations becomes
The migration of a proton from one rod to another represents the hopping between the minima of the ‫-ܪ‬bond potential. Hopping is defined as the thermally assisted tunneling which is an extension of the purely classical Arrhenius behavior. The tunneling rate is calculated using Bell's formula [9] 
where
is the WKB quantum permeability of the proton with energy ‫.ܧ‬ It travels between classical turning points ‫ݖ‬ ଵ ‫)ܧ(‬ and ‫ݖ‬ ଶ ‫)ܧ(‬ of the potential V(‫)ݖ‬ approximated by the fuzzy Morse potentials originating in rod ends as they represent anionic groups between which the ‫-ܪ‬bonds are created.
The parameter d refers to the bond length while the parameter a controls the dispersion in the position of the nitrogen ions forming the H-bond and represents the lattice vibrations. The parameters ݃ and ܾ are fitted to get the respective distance between the minima of the double-well potential ܸሺ‫ݖ‬ሻ together with the height of the barrier. Finally, the total hopping rate becomes
where ν T is the hopping frequency prefactor.
Since we are going to analyze thermal properties, we need to insert them properly into the model, not only through the scale of the thermal energy ݇ ܶ. That is why, using the Taylor series expansion at a reference temperature ܶ , we consider the thermal dependencies of the ܽ and ݀ parameters where the higher order terms can be neglected.
Results
Values of parameters for the benzimidazole simulations are as follows [7] : frequency of rotation prefactor ߥ = 10 ଵଶ Hz, activation energy for rotations ܸ ௧ = 0.269 eV, rods length ܾ = 3.84 Å, bond length ݀ = 2.886 Å, thermal expansion coefficient ݀ ଵ = 1.1 × 10 ିହ Å/K, ‫)ݖ(ܸ‬ barrier height ℎሺܶ ሻ = 0.38 eV, distance between minima of ܸሺ‫ݖ‬ሻ, ߂‫ݖ‬ሺܶ ሻ = 0.77 eV, reference temperature T 0 = 393 K, Coulomb energy penalty ܸ ௨ = 0.04 eV, frequency of hopping prefactor ߥ ் = 10 ଽ Hz, lattice vibration amplitude ܽ = 0.2 Å, and thermal susceptibility of ܽ = 0.002 Å/K. It is worth stressing that most of the parameters have been estimated on the basis of experimental data or the quantum-mechanical calculations. In the present calculations the system of ܰ = 200 rods, which implies the same number of protons, has been considered. At each temperature the entire KMC simulation is divided into ݊ = 100 simulations where initial configurations are chosen randomly and long proton trajectories are generated. To figure out the diffusion coefficient the following formula is applied
where the index ݅ enumerates individual protons. The angle brackets represent averaging over independent trajectories. The temperature-dependent number of KMC steps needed to reach time 0.1 seconds varies from 2·10 9 to 7.5·10 9 (for one simulation). The structural diffusion coefficients were computed from the linear fit between 353 K to 431 K. According to our analysis, its temperature dependence shows an Arrhenius dependence on temperature with an activation energy of 2.01eV.
Conclusions
It has been examined that our numerical model can describe the proton diffusion based on the Grotthuss mechanism. To perform specific calculations, we adopted the parameter values corresponding to the benzimidazole crystal.
The straight line fit in the temperature region studied confirms that the temperature-dependent structural diffusion coefficient demonstrates the expected Arrhenius dependence on temperature with an effective activation energy of 2.01eV.
